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ABSTRACT 
This dissertation is focused on enabling real number computations for SpiNNaker. A set of 

libraries will be developed to be run on a processor without floating point support (as the chip used 
in SpiNNaker is). This report will introduce the general context of the project, present the research 
methods used and show the first results. In the first section, the general context and motivation for 
the project are presented. Next, a detailed description of the areas that the work touches is given. 
Then, details about the research methods used and project organization are presented. In this 
section the evaluation methods used will be described. The last two sections present the progress 
made so far in analyzing algorithms. The first of these sections describes the available techniques. 
The second section provides a detailed description of the algorithms used and their results. Several 
methods were investigated for each operation, but due to lack of space only the most representative 
of them was fully described while the others were commented on. The final section makes short 
considerations about the work to be done in the next stages of the project. 

The results show that implementing efficient algorithms for real number computations is 
possible. The results also show that precision for the intermediary results obtained during the 
algorithm has an impact on the result’s precision. 
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SECTION 1: INTRODUCTION 

 MOTIVATION 
 The work will be part of the SpiNNaker project. SpiNNaker “is a novel massively-parallel 

computer architecture, inspired by the fundamental structure and function of the human brain” [1]. 
Two of its main purposes are: to provide a platform for simulating neural networks in real-time and 
to investigate a new, massively-parallel computer architecture. The building block of SpiNNaker 
architecture is an ARM chip playing the role of the neuron. Each of these cores is connected with 6 
others through the equivalent of a synapse. The communication consists in transferring short 
messages (few bytes) called spikes. The SpiNNaker board is a Globally Asynchronous Locally 
Synchronous (GALS) system. This means that while the ARM chip runs in synchronous mode, the 
communications between the cores are asynchronous [2]. 

One of the main constraints that SpiNNaker faces is energy consumption. Because the goal is to 
have more than 1 million cores on a SpiNNaker machine, the core had to have a low energy 
footprint. The chosen chip was: ARM 968 (the variant without floating-point unit), which is a 32-bit 
RISC processor and “the smallest, lowest power ARM9 family processor” [3]. There is a variant of 
this chip with a floating-point unit but choosing it would have increased both the size on the die and 
the energy consumption.  

One of the downsides of this type of ARM chip is the lack of floating point computations. The 
software stack that runs on SpiNNaker machine makes use of real number computations. In order 
to address this issue, fixed point representations of numbers and operations on integers are used. 
The set of native operations available from the chip includes: shift, add (subtract) and multiply. The 
absence of native division operation should be noted. All the arithmetic used by the software stack 
should be reduced to the operations named above that use fixed point representations of terms. 

The current approach is that the developer builds his solution taking into account the 
constraints described above. This approach has several disadvantages. Firstly, the development 
time increases greatly as the developer has to spend time on devising ways to overcome the 
constraints. Secondly, the solutions obtained may not always be efficient and may be error prone. 
Thirdly, the code obtained is difficult to maintain or debug. This happens mainly because the 
concept of separation of concerns (arithmetic computations and main task) cannot be respected.   

The project will try to solve the problems generated by the lack of a floating point unit. The 
approach used is to develop a set of software libraries that contain efficient implementation of 
common arithmetic operations using the basic operations that are available. This solution 
addresses the issues described above. The development time will decrease, as the developer only 
has to call one function. The efficiency will increase, as the functions will implement the best 
solution available. The obtained code will be easy to maintain and to debug, as the principle of 
separation of concerns will be respected. 

The set of libraries will be written in Standard C and ARM assembly. The software stack for the 
SpiNNaker machine is developed using Standard C for portability and ARM assembly for efficiency 
purposes. My plan is to develop several libraries with different purposes: 

 a C library encapsulating the representation system 
 a C library containing efficient implementations of arithmetic operations 
 a C library with debugging recording enabled 
 an optimized library using ARM assembly 
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One of the aims of the software that runs on SpiNNaker machine is to be portable to other 
architectures. One reason for that is the possibility given to developers to debug the code they write 
on their desktop machines without needing to use tools for simulating an ARM processor. Another 
important reason is to make the software useful to researchers that do not necessarily have a 
SpiNNaker machine. Writing the libraries in Standard C is a good way to ensure portability, as 
virtually any computer architecture has a C compiler. Since the main use of the libraries will be in 
conjunction with SpiNNaker machines that use ARM chips as core, the choice is to have an 
optimized version build for ARM architecture. In the future, if the code has to be run on a specific 
architecture, other versions of the libraries, optimized for that architecture, can be build.  

The main purpose of the libraries is to enable real number computations, and in order to achieve 
that, a representation system for the numbers has to be build. In order to separate concerns, a 
distinct library will be built to handle the data structures representing the numbers and the 
functions that facilitate creation and accessing those data structures. The main C library will 
contain efficient implementations for each important operation that is required. The debugging 
version library will have the same functionality as the main library and will be able to record 
information about how it is used: range of operands, overflows or the frequency a function is called. 
This kind of data will be useful in fine tuning the algorithms and can give important information to 
the researchers.  

AIM AND OBJECTIVES 
The aim of the project is to develop a set of C libraries containing efficient implementations of 

the basic arithmetic functions that use fixed point representations of the operands and the result. 

These libraries will be used in environments that do not offer floating point arithmetic support. 
The libraries will be developed in the context of SpiNNaker project but will be able to serve other 
systems that need floating point arithmetic and do not have the necessary hardware.  

   The project objectives are: 

    1. Assess algorithms for fixed point computation 

    2. Devise a representation system for fixed point numbers 

    3. Choose and implement algorithms for arithmetic functions 

First step would be to research and assess the algorithms I can use to implement the arithmetic 
operations needed, using basic operators: shift, add and multiply. This is important because it lays 
ground for efficient software implementation. The second step is to devise a good representation 
system that accommodates requirements. One of the aims of the representation system is to be easy 
to use and to prevent a loss of performance. The last step is to develop software implementation of 
the algorithms. 

REPORT STRUCTURE 
In this report describes the wider context in which the work fits, sets out the research methods 

going to be used during the project and presents the progress made so far. 

Section 2 delimits the areas that my work will touch, describing what requirements and 
constraints bring to the project. 

Section 3 contains a description of the research methods used, stating their relevance in the 
context of the project. 

Sections 4 and 5 delineate the progress done so far in assessing algorithms, first enumerating 
general techniques and then describing for each operation the best approaches. 

Section 6 shows the conclusions and describes the future plans for the rest of the project. 
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SECTION 2: CONTEXT 
 In this section of the report a detailed description of the project’s scope is provided. It sets out the 

wider context of the work and points out the requirements and constraints each domain sets on the 
project. The following sub-sections will talk about: SpiNNaker, ARM chip, Number representation 
systems and Existent software implementations for fixed-point arithmetic.   

SPINNAKER 
One of the aims of the SpiNNaker project is to create a platform that enables the simulation of 1 

billion neurons [4]. In order to achieve that the system needs 1 million cores, each of them being 
responsible for the simulation of 1000 neurons [5]. The configuration that will support these 
requirements will contain: 1,036,800 cores and 7 terrabytes of RAM, distributed over 57000 nodes 
[6]. Each node is a System-in-Package consisting of 18 ARM968 cores. Each core has its own local 
memory and dedicated peripherals: DMA (Direct Memory Access), counters, timers, interrupt 
controllers and communications controllers [2]. The node offers resources such as: boot ROM, 
shared on-chip RAM, a watchdog timer, a system controller and Ethernet interface [2]. One of the 
18 chips of the node plays the role of the “monitor core” which takes care of system management 
functions, while the rest of the cores are used for application purposes [2]. 

The local memory of an individual ARM chip is divided between instruction and data memory 
[2]. The instruction memory has 32 kilobytes and the data memory 64 kilobytes [2]. This shows the 
first requirement for the libraries: the code should not have more than 32 kilobytes in size and data 
should not be larger than 64 kilobytes. These upper bounds for code and data are not realistic as 
the core should run other instructions and have access to other kinds of data. After considering the 
jobs that the core has to run, more sensible targets were set. For instruction data an upper bound 
was not set as the desire is to have a small number of instructions (which should mean more 
efficient algorithms). For memory data the upper bound should be under 1 kilobyte, in the attempt 
to make it as low as possible, taking into consideration that a memory footprint larger than 1 
kilobyte is not acceptable.  

One of the experiments in neural sciences that have been run on the available SpiNNaker 
machines is modelling the Izhikevich neuronal dynamics [5]. In the papers [5] and [7] the 
experiment and its implementation on SpiNNaker are described in detail. This example is 
representative for the class of experiments that will be built and, in particular, for the kinds of 
arithmetic support needed. The equations that have to be computed rely on real number 
operations. In the papers named above, the steps done by the developers to overcome the lack of 
floating point support are detailed. These steps increased the development time, proving the need 
of a library to implement real-number operations.  

Taking into consideration the Izhikevich model implementation and the development team 
experience with the system, several other requirements for the libraries emerged. From stand point 
of fixed point formats, the list of formats currently used in development should be maintained and 
extended. A short enumeration of the fixed point formats include: 8.81, 0.16, 16.16, 8.24, 5.8, 8.5. 
These formats can be classified depending on the total number of bits used, having: 2 bytes class 
(8.8, 0.16) – equivalent of short data type, 4 byte class (16.16, 8.24) – equivalent of integer data 
type and 13 bits class (5.8, 8.5). The representation system should accommodate these formats and 
be easily extendable with other kinds of formats (e.g. a high precision format like 0.32). Another 
requirement regarding the representation system is that it should have a high degree of usability. 
This means that, for example, creating new numbers should be easy to do and should not create 
other sources of errors. 

                                                             
1 a.b fixed point format means: a bits for the integer part and b bits for fractional part 
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From the view point of language used for development, two choices arise: using Standard C or 
ARM assembly. In the implementation of Izhikevich model, described in papers, one method used to 
speed up computations was writing in assembly. Both choices have advantages and disadvantages. 
Standard C provides portability for the code written, meaning that it can be used in different 
environments or SpiNNaker-like architectures that use a different chip. The trade-off for portability 
is efficiency. Writing code in ARM assembler will make the code not portable, but very efficient as it 
can access specific ARM instructions. Also, writing in assembly increases efficiency, as the 
programmer has a better control over the instructions to be run. In order to accommodate both 
portability and efficiency, a library written in Standard C will be developed and an optimized 
version of it will be written in ARM assembly. The way to write the optimized version for ARM is to 
modify the assembly code obtained after compiling the Standard C library. This is a better 
alternative than embedding ARM assembly code in C, because the latter approach is error-prone.  

From the point of view of operations needed to be implemented, division is the most important. 
As it can be seen in the papers describing the Izhikevich experiment, the division operation was 
avoided as the ARM chip does not have a native instruction for it. Although, in this case division 
could be avoided, this is not always possible. Related to the division, modulo is another desired 
operation. The list of operations of high importance is continued by: exponential, logarithm 
(natural, binary, decimal), power, square root. Next operations, in terms of importance and usage, 
are sigmoid and trigonometric functions ( sine, cosine, tangent).  

One important observation regarding the efficiency of the algorithms used is that it should 
depend only on the length in bits of the input terms. The main reason for that is the fact that a 
precise measurement of the cycles used by the core to run a piece of code has to be available. If the 
efficiency2 varies depending on the values of the input terms, a precise measurement of the cycles 
used cannot be provided. 

 

ARM 
The choice for the SpiNNaker core was an ARM processor. ARM is both an architecture and a 

type of processors for embedded devices. What makes this architecture a good fit for SpiNNaker is 
its simplicity that allows small implementations and, therefore, low energy footprint [8]. ARM is a 
common RISC (Reduced Instruction Set Computer) architecture, having features like [9]: 

 a load/store architecture 
 simple addressing mode 
 uniform fixed-length instructions 

In addition to typical RISC features, the ARM architecture has several improvements [9]: 

 control over ALU (Arithmetic Logic Unit) and shifter in every data-processing instruction 
 auto-increment and auto-decrement addressing modes  
 conditional execution of all instructions  

The processor model is ARM968 which is part of the ARMv5 family. This processor is “a small 
footprint core for low power, data intensive applications”, providing the smallest footprint for the 
highest power efficiency [3]. This processor can handle ARM instructions, Thumb instructions and 
DSP extension instructions. The length of an instruction is: 32 bits for ARM instructions and 16 bits 
for Thumb instructions [3]. The Thumb instruction set is a subset of the most frequent instructions 
that are synthesized to 16 bits for a higher instruction throughput. The instruction pipeline has 5 
stages and the processor accesses a tightly coupled memory (TCM) [3]. The TCM is separated 

                                                             
2 Efficiency, in this case, means number of operations done by the core 
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between: instruction memory (ITCM) and data memory (DTCM). The dimensions available for each 
memory are between 1KB and 4 MB in power-of-two increments [3]. The values chosen for 
SpiNNaker are: 32KB for ITCM and 64KB for DTCM.    

The architecture allows the use of 4 condition flags: negative, zero, carry and overflow. Almost 
every instruction has a 4-bit condition field with 16 possible values: one for unconditional 
execution, one for instructions that do not allow conditional execution and 14 different conditions 
including: tests for equality and non-equality; tests for inequalities and tests for each condition flag 
[9].  If the condition is met then the instruction runs normally, if not, it does not run at all.  The 
instruction set contains 6 types of instructions [9]: 

 branch instructions 
 data-processing instructions 
 status register transfer instructions 
 load and store instructions 
 coprocessor instructions 
 exception-generating instructions 

In the context of the project the first two types of instructions are the most important. There are 
4 types of data-processing instructions: for ALU, comparison, multiply and count leading zeros [9]. 
Every arithmetic/logic instruction performs both the operation it designates and an optional shift. 
Also, this kind of instruction updates the condition flags. The comparison instruction does not write 
an output to a register, it only updates the condition flags. The multiply instructions takes as input 
two 32-bit operands and outputs either a 32-bit result or a 64-bit one. The count leading zeros 
(CLZ) instruction returns the number of leading zeros.  

For the division and floating-point number representation, the ARM chip relies on its Vector 
Floating-Point (VFP) coprocessor. The VFP is compliant with IEEE 754 (floating point) standard [9]. 
The VFP also has a software implementation in order to cope with trapped floating-point 
exceptions [9]. The variant chosen for SpiNNaker core does not have a VFP coprocessor making the 
VFP instructions unavailable. This means, for example that a division operation written in C and 
compiled for this architecture will be transformed in a long sequence of instructions, expensive in 
terms of cycles used. The technology used for building the chip is 130 nm, making the total size of 
the VFP is around 1 mm2 , while the total size of the ARM chip is around 3.5 mm2 which means an 
increase of around 28% in size. Also the energy consumption for VFP unit is around 0.4 mW/MHz, 
much more than the value of 0.14 mW/MHz for the ARM chip. These numbers show how 
disadvantageous the choice of using floating point unit would have been.  

 

NUMBER REPRESENTATION SYSTEMS 
In order to represent real numbers on computers several methods were devised along the time. 

Floating-point representation is the most commonly used. In this kind of representation every 
number can be seen as a function of 4 values: sign, digits, base and exponent. The formula for 
representing a number n is: 

                           

The base is usually 2 in common computer architectures. In order to store the values for sign, 
digits and exponent, 32 bits are used. These bits are used in this way: first for sign, next 8 bits for 
exponent and remaining 23 bits for digits. For representing the exponent a bias equal with 127 is 
added, meaning its range would be [-127, 128]. Using the floating point representation allows a 
large range of numbers to be expressed. The disadvantage of this representation is that arithmetic 
operations are more cumbersome than for simpler representation systems. For example, addition 
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requires an intricate algorithm if the exponents of the terms are not equal. This is a problem 
especially for embedded systems where chips have to be small in size and have to run code 
efficiently. 

Opposed to floating-point representation, fixed-point representation assigns a fixed number of 
bits both for integer part and fractional part. The range of numbers represented by this system is 
smaller than the one for floating-point. The advantage of this type of representation is the fact that 
arithmetic operation can be easily done on it. For example, with adding two fixed point numbers, 
two integer add operations are needed (using a carry) – one for the integer part and one for 
fractional part. This means that the fixed point representation does not require additional 
hardware (all the operation needed can be performed on an ALU) or intricate software 
implementation. All these features make fixed-point representation the best choice for embedded 
systems architectures (e.g. DSPs – Digital Signal Processors). The downside of not using specialized 
hardware for floating point is that the piece of hardware implements also arithmetic operations 
such as: division, multiply, power, logarithm or trigonometric functions. In order to use those 
operations in an environment without floating point unit, a software implementation for them is 
required. 

      

SOFTWARE IMPLEMENTATIONS FOR FIXED-POINT ARITHMETIC 
Efforts have been done to introduce the fixed point representation system into C programming 

language. One such effort was the technical report: ISO/IEC TR 18037:2004 [10] which is known as 
Embedded C standard. Its description is [9]: 

 

“ISO/IEC TR 18037:2004 deals with the following topics: extensions to support fixed-point 
arithmetic, named address spaces, and basic I/O hardware addressing.” 

 

In the document [10] new data types and operations for fixed-point representation are 
described. Six primary fixed-point types were defined: short _Frac, _Frac, long _Frac, short _Accum, 
_Accum, long _Accum. For each of the type described above an unsigned version exists (e.g. unsigned 
short _Fract). Each signed or unsigned type can be saturated or not, this status being defined by the 
existence of _Sat keyword (e.g. _Sat unsigned short _Fract) [10]. The document also defines 
arithmetic operations that can be used in conjunction with these types. The list of operators 
contains: unary operators (+, -, !); binary operators (+, -, *, /); shift (<<, >>); relation operators ( <, 
==, >, !=); assignment operators (=, +=, -=). It should be noted that this standard does not define in 
any way how the operation will be implemented; it only defines the types and the operators. 
Another important observation is that the standard was not implemented yet in common 
compilers. For example, GNU C Compiler (GCC) and ARM C Complier (ARMCC) do not have support 
for fixed point types and operators defined by the Embedded C standard. The standard can be used 
as a starting point for the representation system that will be built. 

Another effort to bring fixed point arithmetic into C language is an open source project: 
libfixmath [11]. It represents a library implementing the custom math C library’s functions for 
numbers using the fixed point format 16.16 . It implements the following types of functions: 
saturated arithmetic, multiplication, division, square root and trigonometric. The disadvantage of 
this library is that it only accepts one type of fixed point format. The library can be benchmarked 
against the libraries that will be produced in order to have a sense of how the latter performs.   
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SECTION 3: RESEARCH METHODS 
  In this chapter of the report describes the methodology used during the project. First subsection 

will describe project’s phases, while the rest of the subsection will detail the methods and tools used.    

PROJECT OUTLINE 
The project is structured in several phases according to what has to be achieved in each stage. 

Each phase has different objectives, tackles different parts of the project’s scope and implies 
distinct research methods. The breakup in stages is done as follows: 

1. First phase: understanding SpiNNaker system and gathering requirements 
2. Second phase: assessing algorithms for efficient implementation of operations 
3. Third phase: devising and implementing a representation system and implementing the 

algorithms assessed in the second phase 
4. Fourth phase: benchmark the way the libraries perform in the context of SpiNNaker  

In the first phase a deeper understanding of SpiNNaker architecture is developed. This is an 
important step in order for the project to fit in with the existent SpiNNaker efforts. During this stage 
requirements about what the system needs in term of arithmetic computations were gathered. Also, 
an inventory of the constraints faced by the libraries was maintained. The main way the 
information was collected, was by talking with the development team and being part of their bi-
monthly meetings. Also, an important part of the research was reading articles about SpiNNaker 
and investigating current support for fixed point arithmetic. A concise presentation of the results of 
this first phase was presented in the second chapter of this report Context.  

In the second phase a survey of the literature will be done to select techniques or algorithms that 
can be used to make efficient computation of arithmetic functions. These techniques and algorithms 
are analyzed and assessed for the general use case and for the particular context of running on ARM 
chips. The way the literature survey was done and a description of the methodology used to analyze 
and assess the algorithms will be presented in the next subsections of this chapter. A presentation 
of the results of this phase can be found in chapter 4 of this report, Progress.  

 The third phase consists first of devising and implementing the representation system and then 
implementing the algorithms assessed in the previous stage. This phase includes 3 iterations. In the 
first iteration, the representation system and basic arithmetic functions (+, -, multiply) will be 
implemented. In the second iteration algorithms for division, modulo and power will be 
implemented while in the last iteration algorithms for exponential, logarithm and sigmoid will be 
implemented. In the third iteration also an optimized version for ARM will be built. Considerations 
about the tools used for implementation and the workflow will be presented later in this chapter. 

In fourth phase benchmarking of the implementation will be done to assess impact on SpiNNaker 
performance and ARM fixed point computations. Details about how it will be done are given later in 
this chapter. 

       METHODOLOGY FOR ASSESSING ALGORITHMS 
After requirement gathering and understanding SpiNNaker’s architecture next stage in the 

project is finding algorithms that can be used to implement the selected operations. First step in 
this process is surveying the literature concerning arithmetic operation implementation. The scope 
of investigation consists of fixed-point arithmetic computation algorithms and, also, floating point 
arithmetic computation algorithms. The latter case is useful because the algorithms for 
computation are usually indifferent regarding representation systems. Some algorithms can be 
dedicated to or can be working more efficiently with one kind of representation system, but in 
general the algorithms described for floating point can be used for fixed point numbers. Another 
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source of documentation is math literature regarding ways of approximating values of different 
functions. Understanding the way an algorithm works helps when trying to improve it. Existent 
implementations in common used systems of the fixed-point computation are also valuable pieces 
of information. 

The algorithms and techniques assesses have to meet some criteria before being further 
analyzed. The first characteristic is that the only operations implied by the algorithm are additions 
and multiplications. Algorithms and techniques relying on division cannot be implemented. An 
observation is that algorithms that try to avoid multiplications, considering them computational 
expensive, are probably not very efficient in the ARM context. This is because on ARM architecture 
multiplication is a relatively inexpensive instruction, and trying to avoid it in an algorithm usually 
leads to an increase in other operations (additions, shifts) therefore decreasing the algorithm’s 
efficiency. Second characteristic is that the complexity of the algorithms in term of operations 
should depend on the length of the input and on the precision the result should have. This is the 
reflection of one of the system’s requirements. The third characteristic is that the algorithm should 
not use huge amounts of pre-computed data. This is due to the data limit inside the chip. 

If one algorithm meets the criteria described above then a detailed assessment will be done. This 
will determine 3 key characteristics in evaluation: 

1. Number of operations needed (shifts, adds, multiplications, comparisons) 
2. Size of data needed 
3. Value of the error 

The number of operations needed is just a rough approximation because during the 
implementation phase this number is reduced by using optimizations. In order to determine an 
approximation for the number of operations, a pseudo-code variant of the algorithm is devised. The 
size of the data needed accounts for data needed for permanent storage (i.e. lookup tables) and not 
the data needed for variables during code execution. Like the number of operations, the amount is 
just an approximation. This numbers should be expressed as a function of precision of the 
algorithm.  

Expressing the value of error is more difficult than estimating the number of operations. The 
difficulty arises from the fact that, usually, the error is not constant on the interval considered. It 
may vary, and the variations can be very high. The best way to present the value of the error is 
through plotting a graph. Along with displaying the graph, important data about it is attached, such 
as: maximum and minimum value or median error. Also considerations about the error can be 
drawn from the graph such as if the error varies too much or if it is in the bounds set. In order for 
the graph to accommodate large variations of the error and to give a better understanding the 
precision of the algorithm, the function f plotted will be: 

                                  

Where approx(x) is the value estimated by the algorithm and function(x) is the actual value. This 
formula enables a large scale because of its use logarithms. Another important property is that on 
the y axis the precision in bits can be easily seen. For example, for an algorithm and one number x, 
f(x) = -10 means that the precision of the algorithm in that point is of 10 bits. Using this 
characteristic, thresholds can be set as lines parallel with x axis on the plot. Considering that the 
most used formats have maximum 16 bits precision for fractional part, a general threshold was set 
at f(x) = -16 for all the algorithms. 

One important aspect to note is intermediate results precision. During the implementation the 
intermediary results will also be fixed point numbers generating new sources of errors. Because 
details of the implementation can be subject to changes, the exact error cannot be computed out 
accurately. In order to accommodate that, two different ways to express the error will be used: the 
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first using infinite (i.e. very large) precision for intermediary results and the other using 16 bits of 
precision for intermediary results. The first approach is useful because it can be easily implemented 
and the values obtained probably will not be far from the implementation’s one. The second 
approach gives a more realistic image of the error, but it requires more effort of implementation. 
The tool used to plot the error was Matlab. More details about the tool usage will be provided later 
in this chapter. 

      TOOLS USED 
A range of different tools will be used during the project. In the stage of assessing the algorithms 

Matlab will be the main tool. Matlab is “a high-performance language for technical computing 
integrates computation, visualization, and programming in an easy-to-use environment” [12]. The 
main feature used was its ability to easily plot graphs. Because implementing an algorithm is 
straightforward and the results can be easily analyzed, Matlab was used to implement first versions 
of the algorithms. Also, it meant that altering the algorithms’ parameters and structure to improve 
performance was easily done. Matlab proves to be an excellent tool for analyzing algorithms. 

In the stage of implementing algorithms Eclipse for C/C++ [13] and ARM Developer Suite will be 
used. Eclipse is an open-source Integrated Development Environment (IDE) providing all the 
facilities needed for programming. It will be used to develop code for C and running it on a desktop 
environment. ARM Developer Suite is software comprising of an IDE for ARM assembly 
development and a simulator for ARM architectures. The software will be used to write code in 
ARM assembly and test it on an ARM simulator. 

 In the benchmarking stage, one of the tools used will be a SpiNNaker board. Depending on the 
availability of the boards, one existent version will be used. 

     EVALUATION STRATEGY 
The evaluation of the results can be separated in 3 different steps: benchmarking one operation, 

benchmarking using a complex algorithm involving more than one operation and benchmarking with 
SpiNNaker 

In benchmarking one operation stage, a test consisting of several computations for the same 
operation will be run on different environments. The results looked for are accuracy level 
(comparing  them with the ones obtained in the first analysis of algorithm) and the time needed to 
run the computations.  First the test will run on each environment without the use of the libraries 
build, using the compiler’s way to replace operations. The environments used are defined below: 

 x86 desktop architecture using C library 
 ARM architecture using C library 
 Intel MCS-51 architecture using C library 
 ARM architecture using optimized ARM library 

The Intel MCS-51 was chosen as a representative of other types of microprocessors architectures 
that can use the libraries.  

Benchmarking using a complex algorithm requires running a test that comprises of all (or most) 
of the functions implemented on each environment described above. First the test will run without 
the use of libraries for benchmarking purposes. The test will contain the algorithm for solving a real 
problem common for SpiNNaker system. 

Benchmarking with SpiNNaker requires rewriting the Izhikevich model so it uses the libraries 
developed. Two versions will be developed: one using the C library, another using the ARM 
optimized library.  The results in terms of number of operations and time will be compared with the 
results obtained with the initial implementation previous to the work.  
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SECTION 4: THEORETICAL BACKGROUND 
In this section general techniques about approximating function values are described. The list of 

techniques used comprises of: Taylor series, Chebyshev polynomials, Newton-Raphson iteration, De 
Lugish (radix) algorithms. Also this section will contain considerations about the normalization to 
[0.5,1) interval. 

TAYLOR SERIES APPROXIMATIONS 
Taylor series is one of the most used techniques in approximating function values. Its popularity 

is due to the fact that the function that needs to be estimated is approximated to a polynomial. This 
makes computational difficult functions to be easily evaluated. A Taylor series can be seen as an 
infinite sum of powers. The approximation is around one point, being more accurate when the 
value approximated is closer to the point [14]. The precondition for a function to be approximated 
using Taylor series is that it is continuous and has n-th degree derivative, where n is arbitrarily big. 
The formula for Taylor series of function f around point xo is: 

                       
            

        

  
     (1) 

                       
  

        

  
 
      (2) 

A commonly used variant of Taylor series approximation is Maclaurin series, the difference 
being made by the fact that x0 = 0 in Maclaurin series. This variant is more used because usually the 
values of a function and its derivatives in origin are easier to compute.  The equation (2) becomes 
for Maclaurin approximation: 

                   
       

  
 
       (3) 

The approximation is done for a degree p, where p is finite so the formula becomes: 

                        
  

        

  

 
    (4) 

The value of the error in Taylor series can be expressed in several different ways. The one 
presented in [14] is the form known as Lagrange remainder: 

                          
         

      
       

    ;                     (5) 

In [15] a general approach over estimating the remainder (error) is given. To note is the form 
named Cauchy remainder (the form of the equation is from [16]):  

errorp x  
 x   p

p 
                                           (6) 

The formulas (5) and (6) prove that closer x is to x0, smaller is the error.  

Computational consideration about using Taylor Series can be found in [17]. A naive 
implementation approach would be to choose a degree p for approximation that will cause the 
error to fall in the required bounds. The next step would be to chose a value for x0, pre-compute the 
value in x0 for the first p derivatives of the function f to be estimated and pre-compute the first p 
coefficients of the power series. The algorithm would run like this (FD[k] –the value of k derivative 
of f  in x0 and C[k] – the value of the k coefficient of power series) : 

v := f(x0) 

d := x – x0 

for i:=1 to p do 

    v := v + d*FD[i]*C[i] 
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    d := d * (x-x0) 

end 

return v  

This algorithm requires 2*p values to be pre-computed and 4*p+2 operations. Specific 
implementations for different functions can highly improve those numbers. 

CHEBYSHEV POLYNOMIALS 
One downside of Taylor series approximation is the fact that the error “tends to have an odd 

distribution” over the selected interval [17]. Omondi makes the claim in [17] that using first kind 
Chebyshev polynomials can improve the properties of approximation. A mathematical description of 
Chebyshev polynomials can be found in [18]. Mathematical proofs are beyond the scope of this 
report.  The definition of an n degree first kind Chebyshev polynomial (Tn) is [18]: 

Tn x  cos  n  arccos x      (7) 

First degree polynomials are [19]: 

                    

                

                 

The recursive formula for determining Tn is [18]: 

                               (8) 

This formula makes computation of Chebyshev polynomials in one point (x) accessible considering 
computational requirements (memory and number of operations needed) 

First kind Chebyshev polynomials are orthogonal polynomials [18]. The authors of the [20] make 
the claim in their work that “occasionally power expansions whose coefficients are not determined 
by Taylor expansion can operate more effectively than Taylor series itself”.  They also claim that 
using orthogonal expansion (with the help of orthogonal polynomials) is a solution better than 
Taylor series estimation [20]. Omondi in [17] reiterates their claim and gives a practical 
implementation plan using first kind Chebyshev polynomials.  First step is to determine the value 
for xn as formula of Chebyshev polynomials. The values for the first powers are given below [19] (a 
formula for arbitrary n is found too): 

x  T1 x  

x   .5   T  x  T  x   

x   . 5     T1 x  T  x   

The second step is to choose a Taylor series expansion (using a high degree) and to replace 
power of x with the corresponding formulas.  The result will be a formula like [17]: 

approxp x    ck  Tk x 
p
k    (9) 

The observation done by Omondi in [17] that when k is large ck is much smaller than the 
corresponding k-th coefficient of Taylor series so the same accuracy can be achieved with a smaller 
degree. To demonstrate its conclusion Omondi gives an example using ex expansion, showing that 
the first 4 terms in Chebyshev expansion gives a better approximation that the first 5 terms of 
Taylor series approximation [17]. 

A naive implementation of the corresponding algorithm is similar with the one presented for 
Taylor series, the difference being made by the recursion formula to compute Tn . As it is for Taylor 
implementation, depending on the function to be approximated further optimizations can be done.  
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NEWTON-RAPHSON ITERATION 
Using iteration is one good way of approximating the values of a function.  The Newton-Raphson 

iteration  known also as Newton’s method  is the most known and easy to use type of iteration. In 
order to find out the value of f(x) the equation: f -1(y) - x = 0 where y is the unknown has to be solved. 
Considering g(x) = f -1(x) then Newton-Raphson iteration has the following recurrence formula [21]: 

yi 1  yi  
g yi 

g, yi 
  1     

The initialization value for y0 has to be an acceptable estimation for g(x). The error analysis made 
in [22] showed that the method has a quadratic error approximation. This means that the error at 
step i+1 is comparable to the square of the error at step i. Other considerations about the method 
and the mathematical demonstrations can be found in chapter 2 of [21] and chapter 8.4 of [22] as 
they are beyond the scope of this report.  

From the standpoint of implementation, the algorithm depends very much on the function to be 
computed. The equation (10) for a given g function could be hard or impossible to compute.  The 
restriction of not using division further reduces the types of functions that can be used in place of g.  
Omondi in [17] presents several ways to chose g function for different algorithms. Algorithms to 
compute the inverse or the square root exists. The main advantage of this method is its quadratic 
approximation, making it an efficient method. One downside is that the starting point should be an 
acceptable estimation for the value to be computed. 

NORMALIZATION ALGORITHMS  
Another class of methods that can be used, along with polynomial approximations and iteration, 

are normalization algorithms. A normalization algorithm is characterized by 2 recurrences where 
one converges to a constant (0 or 1 usually) and the other to the desired function [23]. A detailed 
description of the general technique is given in [23]. If the convergence to the constant is realized 
by adding or subtracting a value the technique is called additive normalization (the constant in this 
case being 0).  If the convergence to the constant is made by multiplications the technique is called 
multiplicative normalization (the constant being 1).  

One particular class of the normalization algorithms is called De Lugish algorithms after the name 
of the person who made the foundation work for it [17]. The particular feature of this class of 
algorithms is they that can be used to estimate several functions such as: logarithm, exponential or 
division [17]. De Lugish algorithms used a redundant signed-digit set [17]. The algorithm uses the 
following recurrences [17]: 

 k 1   k  dk    11  

 k 1   k  dk    1   

dk  1  sk   
 k     1   

sk    1, ,1      1   

In those formulas Dk converges to 1 and Qk converges to the desired values.  The value for sk 
depends on how close is Dk to 1. If Dk is much greater than 1 the value chosen is -1; if Dk is much 
smaller than 1 the value chosen is 1 while is Dk is comparable with 1 the value chosen is 0.  The 
interval described by the term comparable becomes smaller as k becomes bigger. This variation of 
the algorithm is also called radix-2. If instead of 2 in equation (13) would have been used a number 
n, the variant would have been called radix-n. The usual values for n are 2, 4 and 8. By changing the 
radix the redundant signed-digit set has to change (the set described in equation (14)). For example 
the set for radix 4 is {-2,-1,0,1,2}.  
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The error analysis done in [17] shows that the algorithm has a linear error approximation. 
Considering a binary system of representation this means that using radix-2 algorithm we can 
obtain a precision of p bits after fractional point using p iterations [17]. Using radix-4, a precision of 
2*p bits can be obtained using p iterations [17]. This is a downside of the method. Another 
disadvantage of the method is the need to use a large number of pre-computed values.  

NORMALIZATION TO [0.5, 1) INTERVAL 
Sometimes the algorithms described above need that value taken as input is in a fixed small 

interval rather than having a big range. For example, the Taylor series approximation works better 
when the input interval is small and around one fixed value (0 or 1 usually). The Newton-Raphson 
iteration needs a good approximation of its starting value in order to perform better, and simple 
polynomial approximation of function can be easily done when the range of the input is rather 
small. An interval like [0.5,1) offers all the benefits described above. Normalization to that interval 
can be done using the following formula: 

x  x   k   

In the formula above x* is in the interval [0.5,1) and k is an integer. In order for this 
normalization to be useful, the function f to be computed for x should have the following property: 

f x  f x   k  g f x  , f  k    

Where f  k  is easily computed (worst case is read from a lookup table) and function g is easy to 
evaluate (it involves additions or multiplications).  Depending on the function f further 
optimizations can be achieved in order to reduce the number of operations needed.  

It is important to note to be made is that, depending on the function g, the error at which f x   is 
computed should be greater than the acceptable so the overall error for f x  is acceptable. In other 
words, if g represents an addition the error at which f x   is computed is the same as the overall 
error. If g represents an multiplication the error raises depending on the value: f  k . Further 
considerations will be made for any particular case as it greatly depends on the functions f and g. 

The implementation of normalization proves to be rather difficult. The way to compute is to find 
the number of leading-zeros in number’s representation. Some general techniques involving C 
implementation are described in [24]. These methods require at least 10 operations. This number is 
rather large taking into consideration that it is only an initial step for one algorithm. In the case of 
ARM assembly, there is a special instruction described earlier in the report named Count Leading 
Zeros. This means that the optimized ARM library can make use of this instruction reducing the 
number of operations by 9. 
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SECTION 5: ALGORITHM ASSESSMENT 
In this section for each of the operations considered, possible algorithms are analyzed and assessed. 

Several implementations for each function will be presented showing their advantages and 
disadvantages.  

DIVISION 
First operation analyzed will be division as it is the most important. In the literature a large 

number of ways to compute a / b can be found, but this subsection will discuss the following ones: 

1. Newton-Raphson iteration 
2. Functional  iteration 

Newton-Raphson iteration method for division is described in [17]. Considering a / b the 
operation to compute, the method first computes 1 / b and then multiplies the result with a.  The 
function g used for iteration is: 

g x   b   
1

x
   15  

g  x   
1

x 
   16  

This means that the recurrence looks like: 

xi 1  xi     b  xi    1   

Algorithm’s efficiency depends on the starting value x0. In order to accommodate that Omondi used 
normalization to [0.5,1) interval [17]. This means writing b as: 

                                           

In formulas (15) and (16) b will be replaced with b* . In order to compute 1 / b, the result obtained 
using the iteration will be multiplied with 2-k . The initial value x0 should an estimation of 1 / b* . The 
formula used in [17] is: 

x     
  

1 
 b   

 8

1 
   19  

I have chosen to implement the algorithm using 4 iterations. The following plot is error result: 

 
Figure 1 Division Newton Raphson 
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The plot in Figure 1 is constructed using the methods described in the Research Methods 
chapter. The blue line on the plot is the error representation when using infinite (i.e. large number) 
precision in bits after fractional point. The green line in the plot is the error representation when 
using 31 bits of precision after fractional point. It can be seen from the plot that the error oscillates 
around -31 (31 bits of precision).   

A pseudo-code version of the actual algorithm is described in Appendix A. The cost of the 
algorithm in operations is: 13 + no of operations needed for normalization (see subsection about 
normalization).  

Functional iteration computes first 1 / b, and then obtains a / b. A normalization like the one in 
formula (18) is done.  The approximation used is: 

1

1  x
  1                            

Making notations: t = b*-1 and y = 1 –t then: 

1

1  t
 
1

b 
                          

Using 4 iterations the result was: 

 
Figure 2 Division Functional Iteration 

As on the Figure 1 the blue and green lines have the same meaning. The thing to note is that even 
if the precision was of 31 bits and the ideal error was smaller than the precision, the values of the 
error using finite precision for intermediate results are around -23. This means that 
implementation details can affect the value of the error.   

A pseudo-code version of the actual algorithm is described in Appendix A. The cost of the 
algorithm in operations is: 16 + no of operations needed for normalization (see subsection about 
normalization). 

The Newton-Raphson iteration proves to be a better choice for the software implementation as a 
better error value is obtained using roughly the same number of operations. 

SQUARE ROOT 
Computation of square root can be done in several ways as shown in [17]: two different Newton-

Raphson iterations or using pseudo-division algorithm. In [23] Parhami describes a method to 
compute square root using additive and multiplicative normalization. Due to the space limitation for 
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this report, this chapter will describe the most efficient of them, making considerations regarding 
the others. 

The most efficient algorithm is the one computing  
1

 a
 using Newton-Rapshon iteration and then 

multiplying the result by a to obtain the square root [17].  Because estimating an initial value is 
easier and better made for numbers in [0.5, 1) interval, a process of normalization will be done to 
reduce a to this interval. Considering formula (18), if k is odd the final result is obtained by shifting 

the intermediary result with       and multiplying by   :  

          
 
 
                                                    

The set-up for the Newton-Raphson iteration is: 

g x   
1

x 
 a      

g  x    
 

x 
       

xi 1   .5  xi     a  xi
      5  

Omondi uses in [17] the following approximation of the starting value: 

1

 a
 x  1. 8     .8 999          

The following plot shows the error of computing   a for a in [0.5, 1) interval using 3 iterations: 

 

Figure 3 Square Root - Newton Raphson 

As on the figures before the blue and green lines have the same meaning. One observation to 
make is that the precision used for the intermediary results was 2 bits for integer part and 30 for 
fractional part. These values can change at implementation time. The error obtained oscillates 
around the value of 31. Considering the shifting that should be done as in formula (22) the error for 
a number around 230 will be around -31+30/2 = -16 the desired value. 

A pseudo-code version of the algorithm is found on Appendix A. The cost of the algorithm in 
terms of operations is: 19 + cost of normalization.  

The other variant of Newton-Raphson iteration uses division on the recurrence formula. The 
implementation introduces another recurrence formula to replace division by multiplication to 
reciprocal. The approach is not as fast as the one presented above, needing 6 iterations to obtain 
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the same accuracy. The pseudo-division algorithm has a linear evolution of error while the De 
Lugish variant can be faster for higher radixes (4 or 8) but the evolution is also linear. 

LOGARITHM 
For computing logarithm three techniques were investigated: Taylor series approximation, 

Chebyshev polynomials expansion and De Lugish algorithm. The first method is the most efficient and 
will be detailed, while the other 2 methods will be briefly presented. Taylor series approximation 
uses the following formula (Maclaurin expansion) [17]: 

ln 1  x     
  

 
 

  

 
            

 
       

The formula gives good result for x around 0. In order to accommodate the constraint, 
normalization of a to the [0.5,1) interval is done like the one in formula(18): 

                                                         

Making the following replacement: t = a* - 1 the formula (27) becomes: 

ln a   ln 1  t     
  

 
 

  

 
            

 
       

Next plot shows the value of the error when using the above approximation with 2 and 3 terms. The 
plot is for the interval [0.5,1.5] to show the relative symmetry of the error: 

 
Figure 4 Logarithm Taylor series 2 and 3 terms 

The blue line stands for the first 2 terms while the green line stands for the first 3 terms. An 
observation is that increasing the number of terms to 4 or 5 does not improve the approximation 
given by the first 2 terms. One thing to note is that using just 2 terms gives better results for error 
than using 3 terms.  Another important observation is that for the most of the [0.5,1) interval the 
value of error is unacceptable, making this version not useful. 

An important observation to make is that the error is acceptable (lower than -16) for the 
interval [0.97,1.03]. A variant of the algorithm is developed using a function f with the following 
properties: 

f x  ai  x                  when x    si, si 1        

The values for si and ai are pre-computed and stored in a lookup table. For lookup optimization si 
will have the following formula: si   .5  i   

 q where q = 5. Formula used for computation is: 

ln x  ln f x   ln  ai     when x    si, si 1     1  
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The following plot shows the value of the error obtained: 

 
Figure 5 Logarithm Taylor series variant 

The blue line shows the evolution of the error over the interval while the green line sets the limit 
for acceptable error (-16). 

A pseudo-code version of the algorithm is described in Appendix A. The algorithm is very 
efficient from the number of operations point of view: 10 + normalization cost. A lookup table with 
16 entries with 2 values each: ai  and ln(ai) will be needed. 

The Chebyshev polynomials expansion method has been detailed in the previous chapter. In order 
to obtain a good enough error plot, the first 7 terms of the expansion have been used. The error was 
plotted between 0.5 and 1.5. The values obtained oscillate between -5 and -5.26, being almost 
constant for the [0.8,1.2] interval. One improvement brought was to use a similar function as the 
one described in (30) to move the interval [0.5,1] to [0.8,1.2] and subtract the value of the error 
(which on that interval was almost constant). The result obtained was acceptable with a maximum 
error of -15. The cost of the algorithm in terms of number of operations is: 37 + normalization cost, 
which is almost four times higher than the Taylor series method. The De Lugish algorithm is 
described also in [17] but has a higher cost in operations than the other 2 methods because of its 
linear evolution of the error. 

EXPONENTIAL 
Computing the exponential, ea, resembles computing the logarithm. First the following 

normalization takes place [17]: 

a  a  log  e  ln                

   a  log e  and   a  log  e          

ea                                                    

The problem is reduced to computing ey where y is between [0,1). The solutions available are: using 
Taylor series, using Chebyshev polynomial expansion and using De Lugish algorithm. After 
analyzing the 3 methods, Taylor series approximation prove to be the best choice.  The following 
approximation is used [17]: 

ex  1    
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Analyzing the graphs of errors proved that using 3 terms has the same accuracy as using more 
than 4.  Also the analysis proved that the spread of error is not acceptable with the exception of a 
small interval around 0 (as was the case with logarithm in the previous subsection). Using the 
following formula the [0,1) interval was reduced to a smaller interval around 0: 

                                                                        

               
    

The values for        and             
 are pre-computed and stored in a lookup table. The 

implementation chosen used k =4 , obtaining the following plot: 

 
Figure 6 Exponential Taylor series variant 

The blue line shows the evolution of error over the interval while the green line sets the limit for 
an acceptable error (-16). To note is that for the interval [0,1) the error is acceptable, but when 
considering formula (34) for higher numbers the error surpasses the acceptable error level. In the 
implementation stage further optimizations will be implemented to decrease the error for higher 
numbers. The cost of the algorithm in number of operations is 11, making it very efficient. The 
lookup table has 16 entries with 2 values each. 

As in the case of logarithm, the Chebyshev expansion method and De Lugish algorithm are more 
expensive in terms of operations and do not offer a better error performance. 
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SECTION 6: CONCLUSIONS AND FUTURE WORK 
 

This report detailed the context of the project, presented the research methods used and 
described the progress made so far. As delineated in Project Outline subsection, the first two stages 
of the work were completed. The background research (result of the first stage) is presented in the 
section 2, while the algorithm assessment (result of the second stage) is detailed in the sections 4 
and 5.  

The results of the algorithm assessment showed several insights. First, efficient algorithms that 
compute the values required within acceptable error can be implemented for each of the chosen 
operations. The constraints imposed by the context (SpiNNaker, ARM) can be addressed so their 
impact is not very important. The second insight was that an exact estimation of the number of 
operations needed and the value of error cannot be obtained. The values shown give a good 
approximation of those numbers, as the implementation can bring optimizations or raise other 
constraints. The third insight is that the optimized version for ARM assembly of the library can have 
more efficient algorithms (e.g. implementation of count leading zeros). Fourth insight is that 
intermediary results can impact the overall error as it can be seen on the figures presented on the 
Division and Square Root sections. This implies that the representation system should be build so it 
accommodates large precision for intermediary results. Concluding, the progress described shows 
that the efficient implementation of the libraries can be achieved. 

The future work in the project concerns the last two stages described in Project Outline. The 
third phase involves implementing the representation system and programming the algorithms 
described. The fourth phase involves benchmarking the final results according to the evaluation 
plan.   
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APPENDIX A 
In this appendix a list algorithms in pseudo-code is presented. Regarding the notations used a 

couple of notes should be made. The function normalization is not defined being jus called. It 
returns two values: the normalized value and the power of two used (see equation (18)). The second 
observation is that for each lookup table, a lookup function exists. 

DIVISION  NEWTON – RAPHSON  
Input:  a, x  

Output:  y = a/x 

1. z ,k := normalization(x) 

2. y :=  
  

  
   

  

  
 

3. y :=           

4. y :=           

5. y :=           

6.         

7.     

8. return y 

Number of operations:  13 + normalization cost 

     DIVISION FUNCTIONAL ITERATION  
Input:  a, x 

Output: y = a/x 

1. z ,k := normalization(x) 

2.       

3.       

4.       

5.           

6.       

7.           

8.       

9.           

10.       

11.           

12.         

13.     

14. return y 

Number of operations:  16 + normalization cost 
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SQUARE ROOT NEWTON-RAPHSON 
Input:  x 

Output:  y 

1. z, k := normalization(x) 

2.                     

3.                   

4.                   

5.                   

6.       

7. if k is odd 

8.               

9. end 

10.    
 

 
  

11. return y 

Number of operations:  19 + normalization cost 

      LOGARITHM TAYLOR SERIES 
Input: x 

Output: y 

Lookup tables:  

    table_a – values for ai  

     table_lna – values for ln(ai) 

  

1. z, k := normalization(x) 

2.                  

3.         

4.               

5.                    

6.               

7.          

Number of operations: 10 + normalization cost 
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APPENDIX B – PROJECT PLAN UPDATE 
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